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FINITE ELEMENT ANALYSIS OF CUT-GROWTH IN
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Abstract—The Rivlin-Thomas criterion for the tearing of rubber vulcanizates is discussed in terms of Rice’s path-
independent J integral. It is shown that the R-T criterion can be stated in an alternative form where the growth
of a cut is governed by this integral. The J criterion is then used to predict the critical load that causes a cut
to grow in the uniaxial stretching of nicked rubber vulcanizate strips. Calculation of the J integral is accom-
plished with the use of a finite element procedure for highly elastic materials. It is shown that the predicted critical
loads agree fairly closely with existing experimental data.

1. INTRODUCTION

IT HAS been shown by Rivlin and Thomas [1] that the tearing of rubber vulcanizate is
governed by a Griffith-type energy criterion; namely, that a cut in a rubber sheet will
spread if the rate of decrease of elastic energy stored in the sheet with respect to the size
of the cut reaches a critical energy characteristic of the material. The criterion has been
employed in subsequent investigations [2-5] to determine the effect of the shape of the cut,
of the temperature, and of the dynamic cut-growth rate on the energy characteristic and,
more recently, in studies of fatigue properties of rubbers [6-8]. In structural analysis
applications, however, the Riviin—-Thomas criterion has seldom been utilized, for exampile,
in predicting the rupture load of rubber-like materials with existing flaws. One major
difficuity has been the computation of the stress and strain distributions in a solid body
which undergoes a finite deformation. Moreover, if the existing flaws are of the crack kind,
the strain concentration near the tip of the crack causes further difficulty. The objective
of this paper is to explore the usefulness of the finite element method in predicting the
critical load that causes the growth of a cut in highly elastic materials. Much of the work
is motivated by recent advances made in finite element procedures for problems of finite
elastic deformation (e.g. Oden [9]), and by the recent application of the Rice integral [10]
in elasto-plastic crack analyses (Broberg [11] and Andersson [12]).

The content of this paper may be summarized as follows: In Section 2 we give a dis-
cussion of the relationship between the Rivlin-Thomas criterion and the Rice integral. It
is shown that the critical energy characteristic of Rivlin and Thomas can be used to define
a critical value of the Rice integral. This leads to an alternative criterion for the tearing
of rubbers in terms of the Rice integral. In Section 3, an analysis is made of the uniaxial
stretching of several nicked rubber vuicanizate strips, using a finite element procedure for
highly elastic materials. The finite element procedure is discussed in detail in Appendix A.
Calculations are made to determine the relationship between the load and the Rice integral
for several lengths of cut. From these calculations and from the known energy character-
istics of these vulcanizates, the critical load that causes a cut to grow is predicted as a
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function of the cut length. In Section 4, we compare the calculated critical loads with
experimental data of Rivlin and Thomas [1], and find good agreement between calculation
and experiment.

2. THE RIVLIN-THOMAS CRITERION AND THE RICE INTEGRAL

The criterion of Rivlin and Thomas [1] for the growth of a cut in rubber sheets is
expressed by the following equation:

-(a.w ) - Th, @.1)

where W denotes the elastic energy stored in the sheet, ¢ is the cut length measured off
in the undeformed state, h is the undeformed thickness of the sheet, and T, is the critical
energy characteristic of the material. The suffix [ denotes that the differentiation is carried
out under conditions of constant displacement of the part of the boundary which is not
traction free. Thus, the quantity (0W/dc), is equivalent to the rate of change of the potential
energy P with respect to the cut length, or dP/dc. To determine T, Rivlin and Thomas
have used a “‘simple extension’ tear test piece and a “‘pure shear” test piece (shown in
Fig. 1). For both types of test pieces, analytical formulae have been derived for the quantity
—{(dW/dc), in terms of overall force and deformation variables (equations (6.8) and {6.10)
in [1]).

We now proceed to discuss the relationship between the Rice integral [10] and the
Rivlin-Thomas criterion. For a homogeneous body containing a traction-free cut subject

!

T
ry
| R —— o
Undeformed test piecs Deformad test piece
(0}
Kdd L L LLLL 4 K
~
H—  ri| ::D
1777 1 77 A
Undeformed rest piece Deformed test piece

(b)

FIG. 1. (a) “Simple extension™ tear test piece, and (b) *‘Pure shear™ tear test piece.
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to a two-dimensional infinitesimal deformation field, the Rice integral is defined by
J =j [dez—"ri‘%ds], (2.2)
r Ox

where W denotes the strain energy density, T and u denote the traction and displacement
vectors, respectively. The integral assumes the same value for all paths I' surrounding the
tip of the cut (see Fig. 2). For finite deformation, the Rice integral J may still be written in

‘ ar?
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F1G. 2. Notation for defining the Rice integral.

the form of (2.2) provided that W represents the strain energy density per unit initial
(undeformed) volume, T is the nominal traction vector, x* and x? are the initial cartesian
coordinates, and ds is the differential arc length along I', defined in the undeformed
geometry. To prove this, we need only to show that the integral so defined is path in-
dependent. Without loss of generality, we assume the body to be a sheet of initial thick-
ness h, and express the Rice integral J by

J= hJ' [de%-t*‘fv,.ai{ds], (j=12), 2.3)
r dx

where "/ are contravariant components of stress vectors, resolved with respect to the
initial base vectors of (x!, x°) and measured per unit area of the undeformed geometry,
v; denote the outward normal of I, and v, are displacement components with respect to
x'. The strain energy density W (per unit initial volume) is defined by

W= f ' i de, (24)
1]

where s are contravariant components of the Kirchhoff stress (measured per unit area
of the undeformed geometry) on convected coordinates initially coincide with (x, x?), and
¢;; are finite strain tensors defined by

& = 30u 4w+l ). (2.5)
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Here, we have used the convention that a comma preceding an index denotes partia
differentiation. The stresses ¢/ are related to s" by

1 = s8]+ 2.6

(see p. 6 of [13]). Substituting (2.5) and (2.6) in (2.4) gives an alternative form for W:
W= f " td, ). 2.7
0

With the use of equation (2.7) and the equilibrium equations ¢* = 0 for finite deformation
it can easily be verified that the integral (2.3) is path independent.

It has been shown by Rice [14] that for elastic materials, linear or nonlinear, the Rici
integral J is identical to —dP/dc, the rate of potential energy decrease with respect to th
cut size. Rice distinguished two types of cut-tip configurations, smooth-ended and sharp
ended, and proved the identity

dp

J = i (2.8
for both configurations. Aithough Rice’s proofs were given in the context of infinitesima
deformation, it can be shown that they are valid also for finite deformation as long as th
Rice integral J (2.2) is defined in its finite deformation form (e.g. (2.3)). Consequently, th
identity (2.8) holds for both infinitesimal and finite deformations and for both smooth
ended and sharp-ended tip configurations. Since the quantity (6W/dc), of Rivlin an
Thomas is actually dP/dc, it follows from equation (2.8) that J = —(0W/dc),.

We now discuss specifically the Rice integral (2.3) for both the *“‘simple extension’
tear test piece and the ‘‘pure shear’ test piece of [1]. For the simple extension test piece
we evaluate equation (2.3) following the contour I' as sketched in Fig. l{a). The onl
portions of I' along which J does not vanish are seen to be those perpendicular to the cut
The state of deformation there corresponds to a uniform extension A subject to a force F
if the initial cross-sectional area is hly, /, being the total width of the specimen, the firs
term of the Rice integral (2.3) is — Whl,, while the second term gives ¢'%hly(du,/0x’
which equals to 2F 1. Comparing this result with equation (6.8) of [1] confirms the identit’
J = —(6W/dc),. For the pure shear test piece, we evaluate equation (2.3) following th
contour as shown in Fig. 1(b). Comparing the resuiting expression with (6.10) of [1] lead
again to the desired identity.

From the above discussions, it is evident that the critical energy characteristic, T,
determined by Rivlin and Thomas using the two test pieces may be construed such that i
in fact defines a critical value of the Rice integral, J, (apart from a constant factor h), whicl
can now be used in an alternative criterion for the tearing of rubber sheets expressed i
terms of J. The J criterion may be stated as follows: A cut in a rubber sheet will spread i
the Rice integral J reaches a critical value J, (= T,h). We conclude this section by notin;
that the use of the J integral for crack stability criteria in elasto—plastic fracture mechanic
has been discussed by Broberg {11].

3. UNIAXIAL STRETCHING OF NICKED RUBBER VULCANIZATE STRIPS

In this section we apply the J criterion discussed in the previous section to predic
the critical load that causes a cut to grow in the uniaxial stretching of nicked rubbe
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vulcanizate strips. The geometry of the undeformed strips is of thickness h and of width b
with a cut of length ¢ (see Fig. 3). Three vulcanizates are investigated. The recipes and
material properties of these vulcanizates were given in the Appendix and Table 4 of Ref.
[1], as labeled by vulcanizates 4, D and E. The rubber vulcanizates are assumed to be
incompressible, and their strain energy function satisfies the Mooney form:

W = C1[(11_3)+a(12-3):|5

where C, and o are material constants, and I,, I, are strain invariants (see (A.15) of
Appendix A).
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FiG. 3. Uniaxial stretching of a nicked strip and division into finite elements. Dotted contour indicates
a typical path for calculating the Rice integral (c/b = 0-2).

In order to evaluate the J integral, it is necessary to calculate the stress and deformation
in the strips as functions of the applied load. This is accomplished with the use of a plane-
stress finite element procedure for highly elastic materials. The finite element procedure
employed in this paper is derived from a variational equation for which the Euler equations
are the equilibrium equations for incremental stresses and displacements. Consequently,
the stiffness equations are of the incremental form. The details of the procedure are provided
in Appendix A. It should be noted that the derivation of the procedure follows closely the
approach formulated by Hibbitt et al. [15] for problems of finite strain and large dis-
placement. In [15] the virtual velocity theorem is the basis for the transition from con-
tinuum theorems to finite element discretization, while in the present derivation the time-
derivative version of the virtual velocity theorem is the *‘crossing over” point. It should
also be noted that finite element procedures for the bulging and stretching,of elastic sheets
have been developed by Oden [9]. Oden’s approach is to derive from the minimum
theorem of potential energy a system of nonlinear stiffness equations, and then to obtain
solutions for these equations by means of an appropriate numerical scheme (e.g. the
incremental method or the Newton—Raphson method). Thus, the present procedure as
described in Appendix A may be viewed as an alternative form of Oden’s incremental
procedure.
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Using the finite element grid shown in Fig. 3, finite element calculations are made for
the stress and deformation in the strip by gradually incrementing the applied load. The
load is described by the stress ¢, which is the total applied load divided by the undeformed
cross-sectional area of the strip. For a typical incremental step of calculation, the master
stiffness matrix, K, is first formed by assembling the elemental stiffness matrix {A.13). The
resulting matrix equations have the following form:

KAU = Ao F (3.1)

where AU denotes the vector of all nodal displacement increments, As,, is a pre-assigned
load increment and F is a fixed load-distribution vector, corresponding to the uniaxial
stretching. Equations (3.1) are then solved for AU by a Cholesky factorization technique
[16]. Adding AU to the previously calculated displacements gives the new cumulative
nodal displacement vector U, which can now be used to calculate the stresses and strains
in the strip. Based on these results, the Rice integral J is then evaluated according to
equation (2.3) by following a contour as shown in Fig. 3. The contour is taken in the same
way as in [12] such that it enters into and exits from an element at the mid-points of two
prescribed sides. In the interior of the element, the contour is a straight line.

To select the load increment, three sizes of (Ac/C,), 0-4, 0-2 and 0-1, were tested for
the case of ¢ = 0-9 and ¢/b = 0-2. The computed values of J are shown in Fig. 4. It is found
that the J values for Ag,/C, = 04 and for Ag,/C, = 0-2 are within 6 per cent of each

8- Ao, /C =0
a:09 A, /C, 202
c/b 02 Ae,/C=0-4

J/C he

a,/C,

F1G. 4. The calculated Rice integral J vs the stress o, for several sizes of load increment Ag, (@ = 09,
c/b = 02).
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other in the range of 6,/C, < 5. When the J values for Acy/C, = 0-2 are compared with
those for Agy/C, = 0-1, the differences are reduced to within 3 per cent. From this nu-
merical experiment, it appears that to compute J to an acceptable accuracy the increment
Aoo/C; = 0-2 would be satisfactory and this is used in all the remaining calculations.

The computed values of (J/C,hc) for vulcanizate A for which the material constant
o = 09, are plotted in Fig. 5 against ¢,/C, for several ratios of ¢/b. The results show that,
for a relatively small cut, say ¢/b < 0-2, the curve corresponding to ¢/b = 0-1 may be
adequate for estimating J for a given 6,/C, . Similar results were obtained with vulcan-
izates D (o« = 0-74) and E (« = 0-54). In Fig. 6, we have plotted the J values for the three
vulcanizates for ¢/b = 0-1.

4. COMPARISON OF CALCULATED RESULTS WITH EXPERIMENT

Using the critical energy characteristic, T, of the vulcanizates 4, D and E (given in
Table 4 of [1]) and identifying the corresponding critical value of the Rice integral J, by

J. = nh5

we can then calculate from Fig. 6 the critical load, o,, that causes the growth of a cut, as a
function of the cut length c. These critical loads are plotted in Figs. 7{a—c) for the vuican-
izates 4, D and E, respectively. The experimental data reported by Rivlin and Thomas [1]

) =09 c/ =025
- @ e/b=02
c/b =0l

J/C, he

G, /¢,
F1G. 5. The calculated Rice integral J vs the stress ¢, for « = 09 and for ¢/b = 0-1, 0-2 and 0-25.
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have also been plotted in these figures, as represented by circles. It is seen that the cal-
culated results agree fairly closely with the experimental data. It should also be noted
that the cut lengths of the strips investigated by Rivlin and Thomas are small compared
to the width of the strip. In all but three cases, the ratio ¢/b is less than 0-2.
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APPENDIX A

A plane-stress finite element procedure

Consider a flat sheet whose material coordinates are (x*,x?) of a plane cartesian
coordinate system. The sheet occupies a domain £ with a boundary 82. Under plane
loadings, the sheet deforms to a new configuration which is completely described by the
displacement u, (i = 1, 2). The variational equation from which we derive our incremental
stiffness is as follows (e.g. see {17]):

f AUSE, dA+ j nis[h(uik, )] dA = f Fisu, ds, (A1)
2 9 29
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where a dot over a symbol denotes increment or the rate of change vs “‘time”. (For sim-
plicity, we have assumed that all external loads are prescribed on é2 only). In equation
(A.1), n are Kirchhoff stress resultant tensors on convected coordinates, F' are the forces
per unit undeformed length along ¢2 : and
8” = eu+%(u“(,dk‘]+ d{‘,-uk_j), (A2)
€y = 5l 41, ,). (A3)

Let 2 be divided into triangular elements, and let the approximating functions over each
element be linear in x! and x2. We then have, for a typical element,

[ é1y]
é=| é, | = Hu, (A4)
126, |
and
R
t=1 &, |=(H+oBn, (A.5)
2, |

where the vector i represents the usual 6-dimensional, nodal displacement increments.
The matrices H, B and ¢ are¢ defined in terms of the initial nodal coordinates (x,, y,, x,,
y1, X3, y3) and the current spatial derivatives of displacements as follows:

(¥2—¥3) 0 (y3—»1) 0 1 —y2) 0
B=l —(x;—x3) 0 —(x3—x;) 0 —(x;=Xx,) 0
Al o (V2=3) 0 W3 —y1) 0 1=y |
0 —(x3=x3) 0 —~(x3—x;) 0 ~{x; —x,)
1 000
H={0 0 0 1/[.B,
0110
and
" 6u |
= % x
p=|0 ?;5 0 5_:
ou ou Orv @

L5_y dx -E’; Ox |
where A = x,(y, —y3)+x3(y3 —y,)+x3(y, —y,). Here, we have temporarily used the
notation (x, y) = (x', x?) and (u, v) = (u,, u,). The subscripts refer to the nodes of the
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2,n'?) and defining

n 11 n 12 0 0
n 12 n2 2 0 0
N = , (A.6)
0 0 n 11 n 12
O O n 12 n22
the elemental equilibrium equations can be derived from equation (A.1) to give
A{(H+¢B)i+(B'NBj} = f, (A.7)

where A is the undeformed elemental area, and f is the vector of nodal force increments
corresponding to . Equations (A.7) are valid whether the material is elastic or inelastic,
compressible or incompressible.

We now assume that the material of the sheet is incompressible and that there exists
a strain energy function W such that the Kirchhoff stresses s satisfy

= 1(6W a_wi

=3\% T

(It should be noted that for three-dimensional incompressible solids, Expression (A.8)
usually contains an additional term representing the hydrostatic pressure. However,
under the present two-dimensional plane stress assumption, each individual component
of &; (i, j = 1,2) can vary independently and, hence, equation (A.8) is a valid expression.)
. By definition, the Kirchhoff stress resultants are simply

n = hs', (A.9)

where h is the undeformed thickness of the sheet. The increments of n/ can be obtained
by differentiating (A.9) to give

element. By denoting n” = (n'!, n?

), (i,j=12). (A.8)

Ji

. J [ 1{oW oW
i = he—| 2| =—+—] |&4.. .
" Oey [2( 0g;; + 631-,.)]8"' (4.10)
In matrix notation, equation. (A.10) can be written as
n = Q¢ (A.11)

where Q is a 3 x 3 matrix. Substituting (A.11) into (A.7) and making use of (A.5) gives the
elemental stiffness matrix equations:

Ka=f ‘ (A.12)
where
K, = A{(H+¢B)"Q(H+¢B)+ B"NB}. (A.13)
Let the strain energy function of the material be of the Mooney form, i.e.,
W=C,[(I,-3)+al,-3)], (A.14)

where C, and « are material constants and [,, I, are strain invariants, defined in terms

of the deformed metric tensors, G;;, G and G(=det(G,)) by

Il = 1/G+Gll+GZZ’

(A.15
I, = G+G'"' +G*2. )
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The covariant metric tensors G;; are calculated according fo G;; = J;;+ 2¢;;, where ¢;

are given by equation (2.6). The contravariant tensors GV satisfy G*G,; = &}. For Mooney
materials, the stress—strain relations (A.8) become

sit = ZCI{(I —ﬁG“)+a[ﬂ+ (%—Bu)G“]},

s?? = 2C, {(1 —-BG”)+a[ﬂ+ (—;—-—ﬂu) G“]}, (A.16)

s'? = 2C, {—-BG”-&-a(%—-ﬁp)G”},

where p = G''+G?? and B = 1/G. It follows from equations (A.9) and (A.10) that ‘the
matrix Q in equation (A.11) can now be expressed as

0 =C,[4,+a4,],

where
| B(GU) 4[GMGR (G 8G'1G*? |
A, = hp 8(G*%)? 8G'2G*? . (A.17)
| Symmetrical 2[G''G** +3(G*H)Y]
and

-~

8G''(uG' —p) 4[1+2u(G'*?]  4G'*(2uG'' -P)
8G22(uG*—B)  4G'2(2uG¥*—p) |. (A.18)
| Symmetrical 2B +4u(Gr3)?* ~1]
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AbcTpakT—OO0Gcyxnaerca xpurepuit Pusnuna-Tomaca Ans 3aauy pa3pblBaHUs BYJKAHWIATOB M PE3NHbI,
B BMAe MHTerpana Paiica, He3aBuCMMOro ot TpaexTopuu. JoxasbiBaeTca 4ro kputepuit Pusnura-Tomaca
MOXHO GOpMyIHpPOBaTh B anbTCPHATHBHOR GOpPME, B KOTOPO# POCT Cpe3a ONpenensiercs ¢ MOMOLIBIO
3TOYO MHTerpana. 3aTeM, MCTONb3YeTCA XpUTepHii Paiica ans npeackazaHusi KPHTHYECKOHM HarpyskH.
KOTOpas ABNACTCA NPUYMHOI POCTa Cpe3a, AJIA CAYYan OOHOOCHOTO PACTAXKERUS Nonoc ¢ 3apybko#, n3roto-
BNCHHRIX M3 PEINKHBIX BYNKaHn3aToOB. C NOMOILEBIO METOIa KOHCYHOTO 1EMEHTA A% YPE3BHYANHO YNIPYTHX
MaTepHaoB, BbINONHACTCS pacyeT KHTerpana Pajica. Yka3aHo 4TO npenckazalHble KPUTHYECKHE HATPY3KH
COrnacoBbIBAIOTCA COBEPLICHHO GM3KO ¢ 3KCAEPHUMEHTANbHBIMHU JAaHHBIMY.



